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Abstract. In this paper we prove inversion formulas for the Dunkl intertwining operator Vk 
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; 1 Introduction 

We consider the differential-difference operators Tj, j = 1, 2, . . . , d, on M.'^ associated to a root 
system R and a multiplicity function k, introduced by C.F. Dunkl in [3] and called the Dunkl ope- 
rators in the literature. These operators are very important in pure mathematics and in physics. 
They provide a useful tool in the study of special functions related to root systems [H O [2]. 
Moreover the commutative algebra generated by these operators has been used in the study of 
l/^ ■ certain exactly solvable models of quantum mechanics, namely the Calogero-Sutherland-Moser 

Q"^ . models, which deal with systems of identical particles in a one dimensional space (see [8l [TTt [T2] ) . 

I C.F. Dunkl proved in [5] that there exists a unique isomorphism 14 from the space of homo- 

geneous polynomials Vn on R'^ of degree n onto itself satisfying the transmutation relations 



. and 



TjVk = Vk-^, i = l,2,...,d, (1.1) 



Vkil) = 1. (1.2) 



This operator is called the Dunkl intertwining operator. It has been extended to an isomorphism 
from SiM.'^) (the space of C°°-functions on R'^) onto itself satisfying the relations (jl.ip and (jl.2p 
(see [E]). 

The operator possesses the integral representation 



VxGR^ Vk{f){x)= f{y)dfi,iy), feSiM"), (1.3) 

where fix is a probability measure on R'^ with support in the closed ball 5(0, ||x||) of center 
and radius ||a::|| (see Odl]). 



*This paper is a contribution to the Special Issue on Dunkl Operators and Related Topics. The full collection 
is available at |http:/ /www.emis.de/journals/SIGMA/DunkLoperators.html| 
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We have shown in [15] that for each x G M.'^, there exists a unique distribution rjx in £'{'K'^) 
(the space of distributions on M'^ of compact support) with support in -6(0, such that 

V,7Hf){^) = {v.J), f^m')- (1-4) 

We have studied also in [15] the transposed operator *Vfc of the operator Vk, satisfying for / 
in 5(]R'^) (the space of C°°-functions on M"^ which are rapidly decreasing together with their 
derivatives) and g in £(K'^), the relation 

%{f){y)9{y)dy = [ Vk{g){x)f{x)uk{x)dx, 

where u!k is a positive weight function on M'^ which will be defined in the following section. It 
has the integral representation 

VyGM^ ^Vk{f){y)= [ f{x)dvy{x), (1.5) 

where Vy is a positive measure on with support in the set {x G M'^; ||x|| > ||y||}. This 
operator is called the dual Dunkl intertwining operator. 

We have proved in [15] that the operator *Vfc is an isomorphism from T>{W^) (the space of C°°- 
functions on with compact support) (resp. 5(1^*^)) onto itself, satisfying the transmutation 
relations 

VyGM^ *Vfc(T,/)(y) = AVfc(/)(y), i = l,2,...,d. 

ciyj 

Moreover for each y G R'^, there exists a unique distribution Zy in S'{W^) (the space of tempered 
distributions on W^) with support in the set {x G \\x\\ > \\y\\} such that 

%-Hf){y) = {Zy,f), f€SiR'). (1.6) 

Using the operator V^, C.F. Dunkl has defined in the Dunkl kernel K by 

VxGM'^, yze&, K{x,-iz) = Vk{e~''^-^'^){x). (1.7) 

Using this kernel C.F. Dunkl has introduced in [5] a Fourier transform J^o called the Dunkl 
transform. 

In this paper we establish the following inversion formulas for the operators Vk and *Vfc: 

VxGM^ V,-\f)ix) = P'Vkif){x), /g5(M'^), (1.8) 

V X G \7Hf)ix) = VkiPimx), f G S{R''), 

where P is a pseudo-differential operator on M*^. 

When the multiplicity function takes integer values, the formula (jl.Sp can also be written in 
the form 

yxGR", V^\f){x) = Vfc(Q(/))(x), / G S{R^), 

where Q is a differential-difference operator. 

Also we give another expression of the operator *V^~^ on the space £'{W^). From these 
relations we deduce the expressions of the representing distributions ijx and of the inverse 
operators VjT^ and by using the representing measures fix and Ux of Vk and *Vfc. They are 
given by the following formulas 

VxGM^ Vx = 'Q{'^x), 
VxGM^ Zx = 'P{fix), 
where *P and are the transposed operators of P and Q respectively. 
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The contents of the paper are as follows. In Section [2] we recall some basic facts from Dunkl's 
theory, and describe the Dunkl operators and the Dunkl kernel. We define in Section [3] the 
Dunkl transform introduced in [5] by C.F. Dunkl, and we give the main theorems proved for 
this transform, which will be used in this paper. We study in Section H] the Dunkl convolution 
product and the Dunkl transform of distributions which will be useful in the sequel, and when 
the multiplicity function takes integer values, we give another proof of the geometrical form of 
Paley- Wiener-Schwartz theorem for the Dunkl transform. We prove in Section [5] some inversion 
formulas for the Dunkl intertwining operator Vk and its dual *Vfc on spaces of functions and 
distributions. Section [6] is devoted to proving under the condition that the multiplicity function 
takes integer values an inversion formula for the Dunkl intertwining operator Vk, and we deduce 
the expression of the representing distributions of the inverse operators V^~^ and In 
Section [7] we give some applications of the preceding inversion formulas. 



2 The eigenfunction of the Dunkl operators 

In this section we collect some notations and results on the Dunkl operators and the Dunkl 
kernel (see [3 HI [3 [3 [9l lO] ) . 

2.1 Reflection groups, root systems and multiplicity functions 

We consider with the Euclidean scalar product (•, •) and = (x, x) . On C^, || • || denotes 
also the standard Hermitian norm, while {z, w) = Yl'j=i ■ 

For a S ]R'^\{0}, let ctq, be the reflection in the hyperplane Ha C orthogonal to a, i.e. 

f2{a,x)\ 
aa{x) = X - I -jj^^p- I 

A finite set R C M'^\{0} is called a root system if i? n Ma = {±a} and aaR = R for all a & R. 
For a given root system R the reflections aa, a £ R, generate a finite group W C 0(d), the 
reflection group associated with R. All reflections in W correspond to suitable pairs of roots. 
For a given (3 G R'^\ UaeR Ha, we fix the positive subsystem R^ = {a € R; {a, (3) > 0}, then for 
each a £ R either a G i?+ or —a G R+. 

A function A; : i? ^ C on a root system R is called a multiplicity function if it is invariant 
under the action of the associated reflection group W. If one regards A; as a function on the 
corresponding reflections, this means that k is constant on the conjugacy classes of reflections 
in W. For abbreviation, we introduce the index 

7 = 7(^)= Yl ^(«)- 
Moreover, let uJk denotes the weight function 

which is VF-invariant and homogeneous of degree 27. 

For d = 1 and W = Z2, the multiplicity function k is a single parameter denoted 7 and 

V x G M, Wfc(x) = Ixp"^. 

We introduce the Mehta-type constant 

which is known for all Coxeter groups W (see O [6] ) . 
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2.2 The Dunkl operators and the Dunkl kernel 

The Dunkl operators Tj, j = 1, . . . ,d, on W^, associated with the finite reflection group W and 
the multiplicity function k, are given for a function / of class on M."^ by 



fix) - f{aa{x)) 

{a,x) 



In the case A; = 0, the Tj, j = 1,2, ... , d, reduce to the corresponding partial derivatives. In this 
paper, we will assume throughout that A; > and 7 > 0. 

For / of class on with compact support and g of class on M*^ we have 



Tjfix)g{x)uJkix)dx = - f{x)Tjg{x)uJk{x)dx, j = l,2,...,d. 



(2.1) 



For y £ W^, the system 

Tju{x,y) = yju{x,y), j = 1,2,... ,d, 
u{0,y) = l, 

admits a unique analytic solution on W^, denoted by K{x, y) and called the Dunkl kernel. 
This kernel has a unique holomorphic extension to x C^. 

Example 2.1. From [5], \i d = 1 and W = 7^2, the Dunkl kernel is given by 

zt 

K{z,t) = jy-1/2 (izt) + _^ (izt) , z,t £C, 

where for a > —1/2, is the normalized Bessel function defined by 



(2.2) 



jUu) = 2 r(a + 1)-^ = r(a + 1)^ nWin + a + lY 



ueC, 



n=0 



with Ja being the Bessel function of first kind and index a (see |16j). 
The Dunkl kernel possesses the following properties. 

(i) For z,t G C^, we have K{z,t) = K{t,z), K{z,0) = 1, and K{\z,t) = K{z,\t) for ah 
A G C. 



(ii) For al\ V £Z%, x £ W^, and z £ we have 



\D';K{x,z)\ < ||x||l^lexp 



max(wx, Re z) 



(2.3) 



with 



D" = - 

' azr^ • • • dz^:" 



and 



= i/i H h i^d- 



In particular 



\D''^K{x,z)\ < exp[||j;|| ||Re z||]], 

\K{x,z)\ < exp[||x|| ||Re 

and for all x, y G M'^ 

\K{ix,y)\ < 1, 



(2.4) 



(2.5) 
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(iii) For all x,y G M*^ and w have 



K{—ix,y) = K{ix,y) and K{wx,wy) = K{x,y). 

(iv) The function K{x, z) admits for all x G M"^ and z G the following Laplace type integral 
representation 

K{x,z)= I e<J''^>d/i,(y), (2.6) 



where is the measure given by the relation ()1.3p (see 
Remark 2.1. When d = 1 and W = 7^2, the relation (12. 6p is of the form 

K{x, z) = ^^^-^^\x\-'^^ (|x| - yV-Wx\ + yVey^dy. 



Then in this case the measure is given for all x G 1R\{0} by df^^iy) = IC{x,y)dy with 
where l]_|a;|,|a;|[ is the characteristic function of the interval ] — 

3 The Dunkl transform 

In this section we define the Dunkl transform and we give the main results satisfied by this 
transform which will be used in the following sections (see [5l [H [10] ) . 

Notation. We denote by M{C'^) the space of entire functions on which are rapidly decreasing 
and of exponential type. We equip this space with the classical topology. 
The Dunkl transform of a function / in 5(M'^) is given by 



VyGM^ TD{f){y)= f{x)K{x,-iy)ujk{x)dx. (3.1) 

This transform satisfies the relation 

^d(/)=^oV,.(/), /GcS(M'^), (3.2) 
where J- is the classical Fourier transform on M"^ given by 

V y G Hf){y) = I f{x)e-'^-'yUx, f G 5(M'^). 

The following theorems are proved in [9l [10] . 

Theorem 3.1. The transform To is a topological isomorphism 

i) from P(]R'^) onto EI(C'^), 

ii) from S(R'^) onto itself. 

The inverse transform is given by 



y X £ 



„2 



^iHh){x) = ^ / ^ h{y)K{x,iy)u;k{y)dy. (3.3) 
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Remark 3.1. Another proof of Theorem 13.11 is given in |17j . 

When the multiplicity function satisfies k{a) G N for all a G M.F.E. de Jeu has proved 
in [To] the following geometrical form of Paley-Wiener theorem for functions. 

Theorem 3.2. Let E be a W -invariant compact convex set of and f an entire function 
on C^. Then f is the Dunkl transform of a function in 'D(M'^) with support in E, if and only if 
for all q there exists a positive constant Cq such that 

yze&, <C,(l + ||z|rV^(i-^), 

where Ie is the gauge associated to the polar of E, given by 

VyGM^ lE{y)=snp{x,y). (3.4) 

4 The Dunkl convolution product and the Dunkl transform 
of distributions 

4.1 The Dunkl translation operators and the Dunkl convolution product 
of functions 

The definitions and properties of the Dunkl translation operators and the Dunkl convolution 
product of functions presented in this subsection are given in the seventh section of |17l pa- 
ges 33-37]. 

The Dunkl translation operators Tx, x G M*^, are defined on i5(]R'^) by 

V y G Txfiy) = {VkUVk)y[V,7\f){x + y)]. (4.1) 
For / in 5(M'^) the function r^f can also be written in the form 

V y G Txf{y) = {VkU%~%['yk{f){x + y)]- (4.2) 

Using properties of the operators Vk and *Vfc we deduce that for / in 'D(M'^) (resp. 5(M'^)) 
and X G M'', the function y — > Txf{y) belongs to D(M'') (resp. 5(M'^)) and we have 

V t G Td {Txf) (t) = K{ix, t)TD ifm . (4.3) 
The Dunkl convolution product of / and g in T){W^) is the function f *d g defined by 

V x G M"^, f*D g{x) = / Txf{-y)g{y)iOk{y)dy. 

For /, g in V^W^) (resp. 5(]R'^)) the function f *d 9 belongs to V{W^) (resp. 5(]R'^)) and we have 

V t G j^Dif *D gm = j^Difmj^Digm. 

4.2 The Dunkl convolution product of tempered distributions 

Definition 4.1. Let S be in 5'(M'^) and (p in cS(]R'^). The Dunkl convolution product of S and Lp 
is the function S *d ^ defined by 

VxgR^ S*Dvix) = {Sy,Txvi-y)). 
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Proposition 4.1. For S in S'iW^) and if in SiW^) the function S *d ^ belongs to £{R'^) and 
we have 

where 

= o Tf o . . . o T^^ with fi = ifii,ii2,..., l^d) G N'^. 
Proof. We remark first that the topology of iS(M'^) is also generated by the seminorms 

QkAi') = sup (1 + ||x||2)'|r'^v(^)l, k,ie-M. 



i) Let xo G K'^. We prove first that S* 99 is continuous at xq. We have 

V X G M"^, S*D f{x) - S*D V'ixo) = {Sy, {r^if - r^.^ (/?)(-?/)). 

We must prove that {tx^p — Tx^if) converges to zero in cS(]R'^) when x tends to xq. 

Let k,i ^ N and /i G N'^ such that < k. From (j4.3p . Theorem 13.11 and the rela- 
tions ([23]), ([22]) we have 



(l+||yf)V(T,.(^-r,.„(^)(-y) 

i 



+ WXffKizX, -y){I - A,Y [x^{K{-ix, A) 



(1 + ||A||2)P 

with A^ = Af Af • • • A^'' , = J^'^j^i ^/ the Dunkl Laplacian and p G N such that p > 7 + f + 1. 
Using ([Ttj) and ([23]) we deduce that 

Qk,l{rxf - Txoif) = sup (1 + \\y\\Y\T''{Tx(p - Txo(p){-y)\ ^0 as x ^ xq. 

\fj,\ <k 



Then the function S *d f is continuous at xq, and thus it is continuous on M*^. 

Now we will prove that S*£)^ admits a partial derivative on with respect to the variable xj 
Let h G IR\{0}. We consider the function fh defined on M"^ by 

1 d 
fh{y) = j^{T{x,,...,x,+h,...,xaM-y) - T{x^,...,xj,...,xaM-y)) - 'g^.'^''^^~y'>- 

Using the formula 

1 f^j+h f m 52 \ 
V y G M , fh{y) = -^j \j g^T{x,,...,t„...,x^M-y)dtj j duj, 

we obtain for all A;, ^ G N and G N'^ such that \fi\ < k: 

VyGM^ (l + ||2/f/T^/,(y) 

1 m+h ( m , n,/ 52 



h 



jj U {^ + \\yfYT^^nx^,...,t,,xM-y)dtAd^r (4.4) 
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By applying the preceding method to the function 

(1 + \\yfYT^^n.^,...,t,,...,.,M-y)^ 

we deduce from the relation (j4.4|) that 

QkAfh) = sup (1 + WyfYlT^'fhiy)] ^0 as /i ^ 0. 

\ll\<k 



Thus the function S *d f{x) admits a partial derivative at xq with respect to xj and we have 

d d 

*D ^{xo) = {Sy, -^T^,,^{-y)). 

These results is true on W^. Moreover the partial derivatives are continuous on W^. By proceeding 
in a similar way for partial derivatives of all order with respect to all variables, we deduce that 
S*D^ belongs to £{W^). 
ii) From the i) we have 

VxGM^ S*D^{x) = {Sy,—T^^{-y)). 

OXj OXj 

On the other hand using the definition of the Dunkl operator Tj and the relation 

TjiTx'^i-y)) = TATjip){-y), 
we obtain 

Vx G Tj{S*D^){x) = {Sy,rATjip){-y)) = S *d {Tjip){x). 

By iteration we get 

VxGM'^, T''{S*DV){x)=S*D{T^'^){x). U 

4.3 The Dunkl transform of distributions 
Definition 4.2. 

i) The Dunkl transform of a distribution 5 in 5'(IR'^) is defined by 

ii) We define the Dunkl transform of a distribution S in £'{M.'^) by 

VyGR^ J'D{S){y) = {S^,K{-iy,x)). (4.5) 

Remark 4.1. When the distribution S in £'{W^) is given by the function gujk with g in P(M'^), 
and denoted by Tg^^^. , the relation (|4.5p coincides with (j3.ip . 

Notation. We denote by TL{C'^) the space of entire functions on which are slowly increasing 
and of exponential type. We equip this space with the classical topology. 

The following theorem is given in [171 page 27]. 
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Theorem 4.1. The transform Tb is a topological isomorphism 

i) from S'{R'^) onto itself; 

ii) from S'(R'^) onto W(C'^). 

Theorem 4.2. Let S be in S'(M.'^) and ip in 5(IR'^). Then, the distribution on given by 
{S *£) (p)iOk belongs to S'{W^) and we have 

^d{T^s*o^)^J = J'd{^)J'd{S). (4.6) 

Proof, i) As S belongs to 5'(]R'^) then there exists a positive constant Co and /co,^o £ N such 
that 

\S *D ^{x)\ = \{Sy,Tx(p{-y))\ < CoQko/oi'^x^p)- (4.7) 

But by using the inequality 

yx,ye R'^, l + \\x + yf < 2{l + \\xf) [l + \\yf) , 

the relations (j4.2|) . (jl.3p and the properties of the operator *Vfc (see Theorem 3.2 of [17]), we 
deduce that there exists a positive constant Ci and /c, £ G N such that 

Qio,io(.r^y^) <Ci{i + \\xfY°QkAy^). 

Thus from (j4.7p we obtain 

\S *D Vix)\ < C{1 + WxfY'QkAv), (4.8) 

where C is a positive constant. This inequality shows that the distribution on associated 
with the function {S *d ^)^k belongs to S'{W^). 
ii) Let ip be in 5(]R'^). We shall prove first that 

(r(5*o^K,V') = (S,<^*dV'), (4.9) 
where S is the distribution in 5'(M'^) given by 
(5,0) = (5,0), 

with 

yxew^, 0(x) = (/>(-x). 

We consider the two sequences {(pn}neN and {V'mjmeN in ^{W^) which converge respectively 
to (f and ip in 5(R'^). We have 



(^(5*c9'nK->^m.) = / {Sy,Txfn{-y))ll^m{x)uJk{x)dx, 

= {Sy, / 1pm{x)Tx(pn{-y)u:k{x)dx) = {Sy, / 1pm{x)T_^(fn{-y)i^k{x)dx). 

Thus 

(%*D¥'„)a;,.,^m) = {S , fn *D tpm) ■ (4.10) 
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But 

{T{S*DfnW^'^r,i) - {T(^S*D^)'^k^'^rn) = / S *D ['Pn - ^){x)i^m{x)uJk{x)dx. 

Thus from (j4.8p there exist a positive constant M and k,i G'N such that 
Thus 

{T{S*D'Pn)i^k^'^rn) ^^^^ {T{S*DV>)^k^'^rn)- (4.11) 

On the other hand we have 

^P), (4.12) 

and 

^n*D'>Pm > (p*Dlp, (4.13) 



n— >+oo 
m— »+oo 



the hmit is in 5(M'^). 

We deduce <^ from (fiTO]) . (f4TT]) . (f4T2]) and (|4l3l) . 

We prove now the relation (|4.6|) . Using (|4.9|) we obtain for ah ip in S 

{^DiT(s*nV)uJ,i^) = {T{S*DV)'^k^^D{lp)),= {S,ip*D (J^d(^))')- 

But 

Thus 

Then 

*DV)'^k 

This completes the proof of (|4.6p . 



We consider the positive function Lp in P(R ) which is radial for d > 2 and even for d = 1, 
with support in the closed ball of center and radius 1, satisfying 



(f{x)(jOk{x)dx = 1, 

and (j) the function on [0, +cxd[ given by 

(p{x) = (j){\\x\\) = (j){r) with r=||2;||. 
For e g]0, 1], we denote by (fe the function on M'^ defined by 

VxGR^ c^,(:,) = -J_^0(M). (4.14) 
This function satisfies the following properties: 
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i) Its support is contained in the closed ball of center 0, and radius e. 

ii) Prom [13l pages 585-586] we have 

VyGM"', j^D{^e){y) = ' m4y\\), (4.15) 

where J-^ ^ {f)W is the Fourier-Bessel transform given by 

VAgM, (/)(A)=/ f{r)j.dJXr) -. dr, (4.16) 

with j^_^_d_^{Xr) the normalized Bessel function. 

iii) There exists a positive constant M such that 

VyGM"', \J'D{Ve){y)-l\<eM\\yf. (4.17) 

Theorem 4.3. Lei S be in S'{W^). We have 

hm{S*Dcl)e)u;k = S, (4.18) 



where the limit is in S'{ 

Proof. We deduce KWi from (gSI), (liTTSl) . (lilTl) and Theorem ■ 

Definition 4.3. Let be in S'{R'^) and 52 in £'{R'^). The Dunkl convolution product of Si 
and 52 is the distribution Si*d S2 on M.'^ defined by 

{Si *D S2,^) = {Si,^,{S2,y,rMy))), ^ e P(M'^). (4.19) 
Remark 4.2. The relation (j4.19p can also be written in the form 

(5i*d52,V') = (Si,52*z)V)- (4.20) 

Theorem 4.4. Let Si be in S'iW^) and S2 in £'[W^). Then the distribution Si *d S2 belongs 
to S'iM.'^) and we have 



J'oiSi *dS2)=Td{S2)-J'd{Si). 
Proof. We deduce the result from (I4.20p . the relation 

and Theorem [42l ■ 

4.4 Another proof of the geometrical form 

of the Paley— Wiener Schwartz theorem for the Dunkl transform 

In this subsection we suppose that the multiplicity function satisfies k{a) S N\{0} for all a £ R+. 

The main result is to give another proof of the geometrical form of Paley- Wiener-Schwartz 
theorem for the transform J^£) , given in [iTl pages 23-33] . 
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Theorem 4.5. Let E be a W -invariant compact convex set of and f an entire function 
on C^. Then f is the Dunkl transform of a distribution in 8'{W^) with support in E if and only 
if there exist a positive constant C and G N such that 

yze&, \f{z)\ <C{l + \\zffe^''^^'^'\ (4.21) 

where Ie is the function given by 



Proof. Necessity condition. We consider a distribution S in £'(K'^) with support in E. 
Let X be in D(M'^) equal to 1 in a neighborhood of E, and 6 in i5(M) such that 



1, ift<l, 
^(*)-\ 0, ift>2. 

We put rj = Im z, z and we take e > 0. We denote by ^pz the function defined on M"' by 
Mx) = x{x)K{-ix,z)\W\-' e{\\zr{{wx,v) - Ie{v)))- 

This function belongs to D(M'^) and as E is VF-invariant, then it is equal to K{—ix, z) in a 
neighborhood of E. Thus 

VzgC^ J'd{S){z) = {S^,^,{x)). 

As 5 is with compact support, then it is of finite order N . Then there exists a positive cons- 
tant Co such that 

V z G C^, \rD{S){z)\ <CoY^ sup \DPMx)\. (4.22) 

Using the Leibniz rule, we obtain 

VxGR'^, DPtP,{x)= y -^D''X{x)D''K{-ix,z) 

^-^ q'.risi 

q+r+s=p 

X D'\W\-^ Yl Oi\\zn{wx,ri) -Ie{v))). (4.23) 

We have 

y x€R'^, \D'^xix)\ < const, (4.24) 
and if M is the estimate of sup \9^''\t)\, k < N, we obtain 



V x G M^, 



\wew J 



<M{\\zrMp. (4.25) 



On the other hand from (j2.3p we have 

V x G M"^, \D''K{-ix, z)\ < \\zfe'"^^u,^w{wx,n)_ (4_26) 

Using inequalities (j4.24p . ()4.25|) . (j4.26p and ()4.23p we deduce that there exists a positive cons- 
tant Ci such that 

Vx G M"^, \DP^l:z{x)\ < Ci(l + ||zf)^(i+=)e°'^^»ew'<"'^'''^ 
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From this relation and (j4.22p we obtain 

V z G C^, \Td{S){z)\ < C2(l + ||zf supe"^'^"™e^<"'^'''\ (4.27) 

x€E 

where C2 is a positive constant, and the supremum is calculated when ||z|| > 1, for 

2 



{wx,r]) < lE{ri) + 



because if not we have 6 = Q. This inequality implies 

^y^^ ^ma.x^^w{'wx,ri) ^ ^2 . qIeM ^ (4.28) 

From (j4.27p . (j4.28p we deduce that there exists a positive constant C3 independent from e such 
that 

VzgC^ ||z||>1, |J-d(5)(z)| < C3(l + ||zf )^(^+")e^^(''). 

If we make e — > in this relation we obtain (j4.2ip for ||2|| > 1. But this inequality is also 
true (with another constant) for ||z|| < 1, because in the set {z G C^, ||2;|| < 1} the function 
TD{S){z)e-^^^'^^ is bounded. 

Sufficient condition. Let / be an entire function on satisfying the condition (j4.2ip . It is 
clear that the distribution given by the restriction of ftOk to M'^ belongs to 5'(M'^). Thus from 
Theorem I4.lt there exists a distribution S in 5'(M'^) such that 



T/., =-^d(5). (4.29) 

We shall show that the support of S is contained in E. Let ips be the function given by the 
relation (j4.14p . We consider the distribution 

From Theorem [12] and ([0^]) . ([i:BU|) we deduce that 

fe = ^D{^e)f- 

The properties of the function / and (j4.15p . (j4.16p and (|4.17p show that the function can 
be extended to an entire function on which satisfies: for all g G N there exists a positive 
constant Cg such that 

yze&, \fe{z)\ < Cq{l + ||z||)-V™(^"^"). (4.31) 

Then from (fOT]) . Theorem [32] and (|i30]) . the function {S*ipe)u;k belongs to P(R'^) with support 
in E + B^. But from Theorem 14.31 the family {S * ^e)^k converges to S in 5'(M'^) when e tends 
to zero. Thus for all e > 0, the support of S" is in £" + i?e , then it is contained in E. ■ 

Remark 4.3. In the following we give an ameliorated version of the proof of Proposition 6.3 
of [IZl page 30]. 

Let £^ be a VF-invariant compact convex set of and x E. The function /(x, •) defined 
on by 



14 



K. Trimeche 



is entire on and satisfies 

yze&, \f{x,z)\ <e^^'^^"''\ 
Thus from Theorem 14.51 there exists a distribution fix in S^W^) with support in E such that 

V y G fix, y) = e-^<^'^> = (r/,, K{-iy, ■)). 

Applying now the remainder of the proof given in [T71 page 32], we deduce that the support 
of the representing distribution r/^- of the inverse Dunkl intertwining operator V^r^ is contained 
in E. 

5 Inversion formulas for the Dunkl intertwining operator 
and its dual 

5.1 The pseudo-differential operators P 

Definition 5.1. We define the pseudo-differential operator P on by 

Vx G P{f){x) = "^T-^uouHmx). (5.1) 



Proposition 5.1. The distribution T^^^ given by the function oj^, is in S'{M ) and for all f 

in S(M.'^) we have 



V X G P(/)(x) = ^HT.,) * K-x). 

where * is the classical convolution production of a distribution and a function on W^. 

Proof. It is clear that the distribution T^^j, given by the function uj^ belongs to 5'(M'^). On the 
other hand from the relation (15.11) we have 



V X G P{f){x) = ^ / J^{f{^ + x)){y)uu{y)dy. 

Thus 



TT C 



V X G ]R^ P(/)(x) = ^(^(T^J^, f{x + y)). (5.2) 

With the definition of the classical convolution product of a distribution and a function on M"^, 
the relation (j5.2p can also be written in the form 

VxGM^ P(/)(^) = !^^(T^J*/(_x). ■ 
Proposition 5.2. For all f in S(M.'^) the function P{f) is of class C°° on and we have 



VxGM^ p(/)(x)=P — / (x), j = l,2,...,d. (5.3) 

dxj \d(,j J 

Proof. By derivation under the integral sign, and by using the relation 



VyGM^ iy,^(/)(?/)=^(^/)(y), 



we obtain (15.31 
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5.2 Inversion formulas for the Dunkl intertwining operator 
and its dual on the space «S(R'*) 

Theorem 5.1. For all f in S(R'^) we have 

V X G %-Hf)ix) = VkiPimx). (5.4) 

Proof. From ^ Theorem 4.1] for all / in S{W^), the function '^VfT^if) belongs to S{R'^). Then 
from Theorem 13. II we have 

Vx G \-Hf){x) = ^ I^^K{zy,x)J^D{\7Hmy)uJk{y)dy. (5.5) 

But from the relations (j3.2p . (jl.7p . p.Sp . we have 

and 

VyGM^ K{iy,x) =T{M{y), 
where fix is the probability measure given for a continuous function / on M.'^ by 

f{t)dfix{t) = [ f{-t)dfix{t). 

Thus (j5.5p can also be written in the form 

V X G %7\f){x) = [ Hflx){y)i^k{y)Hf){y)dy. 



227+d 

Then by using (j5.ip . the properties of the Fourier transform and Fubini's theorem we obtain 

r,2 



V X G V,-i(/)(x) = I T[u:knmy)dMy) = / P{f){y)d^lM■ 



3 

227+d 

Thus 

V X G V,-^(/)(x) = T4(P(/))(x). ■ 
Theorem 5.2. For a// / in 5(M'^) iwe /laue 

V X G Vk\f){x) = P'Vk{f){x). (5.6) 

Proof. We deduce the relation ()5.6p by replacing / by *Vfc(/) in ()5.4p and by using the fact 
that the operator Vk is an isomorphism from i5(M'^) onto itself. ■ 

5.3 Inversion formulas for the dual Dunkl intertwining operator 
on the space £'(R'^) 

The dual Dunkl intertwining operator *Vfc on £'{W^) is defined by 

CVk{S)J) = {S,Vk{f)), f€S(R''). 

The operator *Vfc is a topological isomorphism from £'{W^) onto itself. The inverse operator 
is given by 

{%-\S),f) = {S,V,7Hf)), f G £{R''), (5.7) 
see [m pages 26-27]. 

Theorem 5.3. For all S in £'{M.'^) the operator *V^~^ satisfies also the relation 

{%-HS)J) = {S,P'V,if)), f G 5(M'^). (5.8) 

Proof. We deduce I^M) from ([52]) and ([521). ■ 
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6 Other expressions of the inversion formulas 

for the Dunkl intertwining operator and its dual 
when the multiplicity function is integer 

In this section we suppose that the multiphcity function satisfies k{a) G N\{0} for ah a G 
The following two Propositions give some other properties of the operator P defined by (jS-lh . 

Proposition 6.1. Let E be a compact convex set ofW^. Then for all f in 2?(M'^) we have 

supp/ C E ^ suppP(/) C E. 

Proof. From the relation (15.11) we have 



P{f){^) 



2^7 



(6.1) 



We consider the function F defined by 



VzGC^ F{z)=\ n ((«,^))''("M-^(/)(^). 

This function is entire on and by using Theorem 2.6 of [l] we deduce that for all g S N, there 
exists a positive constant Cq such that 

VzgC^ |F(z)| < 0^(1 + ||zf)-'?e^^(i"^^), (6.2) 



(6.3) 



where 1e is the function given by 

The relation (16.11) can also be written in the form 



Thus (j6.3|) . (|6.2|) and Theorem 2.6 of [Tj, imply that suppP/ C E. 
Proposition 6.2. For all f in S(M.'^) we have 



d„2 



P{f) 



IT C 



/ft ft \ 2fc(a) 



(/)• 



Proof. For all / in 5(M'^), we have 
But 



VyGM^ {a,y)F{f){y)=F 
From (16. 5p . (16. 6p we obtain 



^ 



(6.4) 



(6.5) 



(6.6) 



VyG 



^fc(?/)^(/)(2/)=^ 



d_ 

96 



^ \2fc(a) 

'did) 



This relation, Definition 15.11 and the inversion formula for the Fourier transform F 
imply ([631) • ■ 

Remark 6.1. In this case the operator P is not a pseudo-differential operator but it is a partial 
differential operator. 
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6.1 The differential-difference operator Q 

Definition 6.1. We define the differential-difference operator Q on 5(M'^) by 

V X G Q(/)(x) = \7' o P o 

Proposition 6.3. 

i) The operator Q is linear and continuous from S{W^) into itself. 

ii) For all f in we have 

VxGM^ TjQ{f){x) = Q{Tjf){x), j = l,...,d, 
where Tj , j = 1,2, ... , d, are the Dunkl operators. 

Proof. We deduce the result from the properties of the operator *Vfc (see Theorem 3.2 of ^17]). 
and Proposition! 



Proposition 6.4. For all f in S{W^) we have 



V X G Q{f){x) = ^T^^cokJ^Difmx). (6.7) 

Proof. Using the relations (j3.2|) . (jS.ip and the properties of the operator *Vfc (see Theorem 3.2 
of [17]), we deduce from Definition 16.11 that 

V X G Q{f){x) = T-^\T o P(V,(/))}(x) = ^^dH-^ o T~\.^uTD{f)W{x). 

As the function uJkJ'Dif ) belongs to then by applying the fact that the classical Fourier 

transform T is bijective from 5(M'^) onto itself, we obtain 



VxGM^ Q{f){x) = ^T^^cokJ^Dif^x). U 

Proposition 6.5. The distribution T^2 given by the function uj"^ is in S'{W^) and for all f 
in S(M.'^) we have 

V X G Q{f){x) = 0^J^o{T^,) *o fi-x), 

where *£> is the Dunkl convolution product of a distribution and a function on W^. 

Proof. It is clear that the distribution T^2 given by the function uj'j, belongs to 5'(M'^). On the 
other hand from the relations (j6.7p . (|3.3p and (|4.3p we obtain 



V X G Q(/)(x) = ^ / rD{r^{f )){yVk{.y)dy 



247+d 



{HT^2)y,T.{f){y)). 



Thus Definition 14.11 implies 



V X G Q(/)(x) = ^^^(T,,) *^ /(-x) 
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Proposition 6.6. For all f in iS(M'^) we have 



Qif) 



227 



n (-l)'(")(airi + ... + arfTrf)2'=(") 



if)- 



Proof. For all / in 5(M'^), we have 



a€R+ 



But using (pJj) . (fO) we deduce tiiat 

VyGlR^ {a,y)TD{f){y) = :Fd[ - i{aiTi + ■ ■ ■ + adTd)f]{y). 
From ([6:9|) . ([6l0]) we obtain 



^k{y)^D{f){y) = 



(6.8) 



(6.9) 



(6.10) 



n (-i)'=(")(airi + -.. + a,r,)2^(°)/ 



This relation, Propositions 16.3 1 16.41 and Theorem 13.11 imply (j6.8p . 



6.2 Other expressions of the inversion formulas for the Dunkl intertwining 
operator and its dual on spaces of functions and distributions 

In this subsection we give other expressions of the inversion formulas for the operators Vfc and * 14 
and we deduce the expressions of the representing distributions of the operators and *V^~^. 



Theorem 6.1. For all f in S 



we have 



V,7Hf){x) = %{Q{mx). 



(6.11) 



Proof. We obtain this result by using of Proposition 16.31 Theorem 15.21 and Definition 16.1 



Proposition 6.7. Let E be a W -invariant compact convex set ofW^. Then for all f inV 
we have 



supp/ C ^ ^ supp*T4(/) C E. 
Proof. For all / in T){W^), we obtain from (j3.2p the relations 



(6.12) 



We deduce (|6.12p from these relations, Theorem 13.21 and Theorem 2.6 of [T]. 

Proposition 6.8. Let E be a W -invariant compact convex set ofW^. Then for all f inT) 

we have 



supp / C E ^ suppQ(/) C E. 
Proof. We obtain (|6.13p from Definition 16. H Propositions 16.11 and [6 



(6.13) 
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Theorem 6.2. For all S in £'(R'^) the operator ^ satisfies also the relation 

{\^HS),f) = (5, / G S{R''). (6.14) 

Proof. We deduce (ICTD from 1^ and (l6TT]) . ■ 

Corollary 6.1. Let E be a W -invariant compact convex set of R'^. For all S in <S'(M°') with 
supp5 C E, we have 

supp*Vfc-i(5) C E. 

Definition 6.2. We define the transposed operators *P and *(5 of the operators P and Q 
on S'{M.'^) by 

(*P(5),/) = (5,P(/)), fGSiR"), 
CQ{S),f) = {S,Q{f)), /GcS(M'^). 

Proposition 6.9. For all S in S'{R'^) we have 



227 



n 

aeR+ 



dii did 



s, 



where Tj, j = 1,2, ... ,d, are the Dunkl operators defined on S' 

{TjS,f) = -{S,T,f), /GcS(M^). 
Proposition 6.10. For all S in 5'(R°') we have 



by 



Proof. We deduce these relations from (jS.ip . ()6.7p and the definitions of the classical Fourier 
transform and the Dunkl transform of tempered distributions on W^. ■ 

Theorem 6.3. The representing distributions rjx and Zx of the inverse of the Dunkl intertwining 
operator and its dual, are given by 



Vx G 



(6.15) 



and 



(6.16) 



where fix CLnd Vx o,re the representing measures of the Dunkl intertwining operator Vk and its 
dual *Vfc. 



20 



K. Trimeche 



Proof. From (jl.Sp . for all / in we have 



V X G %{Q{mx) = {u,, Qif)) = CQ{iy.),f). 



On the other hand from 



(6.17) 



V,7Hf){x) = {v.,f). 



We obtain (j6.15p from this relation, (|6.17|) and ()6.11|) . 

Using (jl.3p . for all / in 5(M'^) we can also write the relation (j5.4p in the form 



Vx G 
But from 



we have 



(6.18) 



V x G 



V-i(/)(x) = (z,,/). 



We deduce (j6.16p from this relation and (j6.18p . 



Corollary 6.2. We have 



and 



Vx G 



227 



n (airi + --- + a,r,)2'=H 



227 



11 "1^"^ ^'^'i^ 



ilJ'x) 



Proof. We deduce these relations from Theorem 16.31 and Proposition 16.91 



7 Applications 

7.1 Other proof of the sufficiency condition of Theorem 14.41 

Let / be an entire function on satisfying the condition (|4.2ip . Then from Theorem 2.6 of [T], 
the distribution T~^{f) belongs to £'{W^) and we have 

supp.F-i(/) Ci?. 



From the relation 



given in |17l page 27] and Corollarv 16 -H we deduce that the distribution J'^^{f) is in £'{W^) 
and its support is contained in E. 
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7.2 Other expressions of the Dunkl translation operators 

We consider the Dunkl translation operators Tx, x ^ M'^, given by the relations (j4.ip . (j4.2p . 
Theorem 7.1. 

i) When the multiplicity function k{a) satisfies k{a) > for all a G we have 

VyGM^ rM){y)=l^x*l^y{P'Vk{f)), / G cS(IR'^), (7.1) 

where * is the classical convolution product of measures on M'^. 

ii) When the multiplicity function satisfies k{a) G N\{0} for all a G we have 

VyGM^ rM){y)=l^x*l^y{%{Q{f))), / G ^(M'^). (7.2) 

Proof, i) From the relations (j4.ip and (jl.3p . for / in 5(M'^) we have 

Vx,yGM^ Tx{f){y)= [ I V,~\f){( + v)dfix{Odfiy{ri). 

By using the definition of the classical convolution product of two measures with compact 
support on M.'^, we obtain 

V X, y G r,(/)(y) = * /i,(T4"^(/)). 

Thus Theorem 15.21 implies the relation (|7.ip . 

ii) The same proof as for i) and Theorem 16.11 give the relation (j7.2p . ■ 

Acknowledgements 

The author would like to thank the referees for their interesting and useful remarks. 

References 

[1] Chazarain J., Piriou A., Introduction to the theory of linear partial differential equations, North-Holland 
Publishing Co., Amsterdam - New York, 1982. 

[2] van Diejen J.F., Confluent hypergeometric orthogonal polynomials related to the rational quantum Calogero 
system with harmonic confinement. Comm. Math. Phys. 188 (1997), 467-497, q-alg/96 09032, 

[3] Dunkl, C.F., Differential-difference operators Eissociated to reflection groups, Trans. Amer. Math. Soc. 311 
(1989), 167-183. 

[4] Dunkl C.F., Integral kernels with reflection group invariance, Canad. J. Math. 43 (1991), 1213-1227. 

[5] Dunkl C.F., Hankel transform associated to finite reflection groups, Contemp. Math. 138 (1992), 123-138. 

[6] Heckman G.J., An elementary approach to the hypergeometric shift operators of Opdam, Invent. Math. 103 
(1991), 341-350. 

[7] Humphreys J.E., Reflection groups and Coxeter groups, Cambridge University Press, Cambridge, 1990. 

[8] Hikami K., Dunkl operators formalism for quantum many-body problems associated with classical root 
systems, J. Phys. Soc. Japan 65 (1996), 394-401. 

[9] de Jeu M.F.E., The Dunkl transform, Invent. Math. 113 (1993), 147-162. 

[10] de Jeu M. F.E., Paley- Wiener theorems for the Dunkl transform. Trans. Amer. Math. Soc. 258 (2006), 
4225-4250, |math.CA/0404439 

[11] Kakei S., Common algebraic structure for the Calogero-Sutherland models, J. Phys. A: Math. Gen. 29 
(1996), L619-L624, ,solv-int/9608009( 



22 



K. Trimeche 



[12] Lapointe M., Vinet L., Exact operator solution of the Calogero-Sutherland model, Comm. Math. Phys. 178 
(1996), 425-452, |c^alg/9509003| 

[13] Rosier M., Volt M., Markov processes related with Dunkl operators, Adv. in Appl. Math. 21 (1998), 575-643. 

[14] Rosier M., Positivity of Dunkl's intertwining operator, Duke. Math. J. 98 (1999), 445-463, |q-alg/9710029< 

[15] Trimeche K., The Dunkl intertwining operator on spaces of functions and distributions and integral repre- 
sentation of its dual. Integral Transform. Spec. Funct. 12 (2001), 349-374. 

[16] Trimeche K., Generalized harmonic analysis and wavelet packets, Gordon and Breach Science Publishers, 
Amsterdam, 2001. 

[17] Trimeche K., Paley- Wiener theorems for the Dunkl transform and Dunkl translation operators. Integral 
Transform. Spec. Funct. 13 (2002), 17-38. 



